A unified classification and analysis is presented of two dimensional Dirac operators of QCDlike theories in the continuum as well as in a naive lattice discretization. Thereby we consider the quenched theory in the strong coupling limit. We do not only consider the case of a lattice which has an even number of lattice sites in both directions and is thus equivalent to the case of staggered fermions. We also study lattices with one or both directions with an odd parity to understand the general mechanism of changing the universality class via a discretization. Furthermore we identify the corresponding random matrix ensembles sharing the global symmetries of these QCD-like theories. Despite the Mermin-Wagner-Coleman theorem we find good agreement of lattice data with our random matrix predictions.
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Introduction
Since the 90s random matrix theory (RMT) has been successfully applied to four-dimensional QCD-like theories [1] and later also to three-dimensional ones [2] . The reason for the good agreement of the spectral properties of both theories (the QCD-Dirac operator and chiral RMT) in the microscopic limit is based on the fact that they share the same chiral Lagrangian. A chiral limit of QCD relies on the spontaneous breaking of chiral symmetry. In three and four dimensions this symmetry breaking is well understood. However in two dimensions the situation is less clear due to the Mermin-Wagner-Coleman theorem forbidding a spontaneous symmetry breaking of continuous symmetries in two and less dimensions. Nevertheless, numerical simulations [3] as well as analytical examples [4] were given where the Mermin-Wagner-Coleman theorem does not seem to be applicable.
We discuss the classification of the continuum, see Sec. 2, as well as the naive, see Sec. 3, two dimensional Dirac operator in the microscopic domain. In particular we classify the Dirac operators via their global symmetries along the Cartan classification scheme [5] and identify the corresponding RMTs. It is a well known fact that a naive discretization including staggered fermions generally exhibits a different universality class than the corresponding continuum limit [6] . We confirm this for two-dimensional theories by comparisons of lattice simulations to RMT predictions. The classification and analysis presented in this work is a summary of our work [7] .
The classification of the 2-dim continuum Dirac operator
The symmetry classification of the 2-dim Euclidean Dirac operator,
proceeds along the same lines as in four dimensions [1] and in three dimensions [2] . The 2 × 2 matrices σ k are the Pauli matrices in spinor space and λ a are the generators for the gauge fields A a µ in a certain representation of the gauge group. First, let us consider the gauge group SU (2) and the fermions in the fundamental representation. Thus the generators λ a are equal to the Pauli matrices τ a acting in color space. Then the Dirac operator fulfils two symmetries, [5] . It agrees with the more general classification for an arbitrary dimension presented in [8] where the Bott periodicity of this classification has been shown.
anti-selfdual or equivalently τ 2 W is complex symmetric. Ignoring at the moment the MerminWagner-Coleman theorem, the RMT corresponding to the Dirac operator is obtained by replacing the operator τ 2 W by a complex symmetric, Gaussian distributed random matrix W . According to universality arguments, the Dirac operator D would not only share the symmetry breaking pattern, Thus the corresponding random matrix is the one of the four-dimensional theory for these gauge theories, namely W is replaced by a complex, Gaussian distributed random matrix W . The level repulsion is quadratic (β = 2) and the repulsion of the eigenvalues of D from the origin is at least linear. The RMT is the well-known chiral Gaussian Unitary Ensemble (chGUE) denoted by the Cartan symbol AIII and with the symmetry breaking pattern
The third class of SU (N c ) gauge theories we consider are those with the fermions in the adjoint representation. Then the generators λ a are purely imaginary anti-symmetric matrices. As in the case β = 1 we find two symmetries fulfilled by D,
The first one is again equivalent to the existence of a chiral basis while the second one refers to the existence of a basis for which the Dirac operator becomes quaternion real as in the four-dimensional theory [1] because the anti-unitary symmetry fulfils (σ 2 K) 2 = −1. However, in contrast to the β Lattice sites Sym. Class β eff α Degen. Symmetry Breaking Pattern four-dimensional theory, the chiral symmetry operator does not commute with the anti-unitary one. Hence the second symmetry yields a condition on W telling us that W can be replaced by a complex anti-symmetric, Gaussian distributed random matrix W . Its level repulsion is quartic (β = 4) and exhibits a linear or a quintic repulsion from the origin depending on whether W is even or odd dimensional, respectively. Moreover the eigenvalues are all Kramers degenerate. The RMT is the other Bogoliubov-deGennes ensemble denoted by DIII [5] and shares the same symmetry breaking pattern, 
The classification of the 2-dim naive Dirac operator
Introducing a two-dimensional, periodic L 1 × L 2 lattice the situation drastically changes since new symmetries may arise depending on whether the number of lattice sites in some directions, L 1/2 , is odd or even. The covariant derivatives D k , see Eq. (2.1), are replaced by the naive discretization scheme. Furthermore the symmetries (2.2-2.4) still hold for the corresponding gauge theories but do not exclude additional symmetries which may result from the discretization. Moreover the ensuing discussion does not incorporate the statistical weight from the Wilson action. Hence we consider only the limit of strong coupling where the gauge group elements are generated by the corresponding Haar measure of the gauge group.
Assuming an even parity in the x-direction (L 1 even) we may define an operator Γ
5 assigning a "+"-sign to an even lattice site and a "−"-sign to an odd one. This operator fulfils the relations
We define the unitary rotation Π 
i.e. Π
(1)
5 is Hermitian. A similar relation can be found in the case if the lattice has an even number of lattice sites in the y-direction, namely
implying that ıΠ
5 is Hermitian. These new symmetries have to be combined with the one of the continuum Dirac operator, see Eqs. (2.2-2.4), yielding new symmetry classes.
First, let us consider an odd number of lattice sites in both directions. Then nothing changes from the symmetry discussion in Sec. 2. Also the corresponding RMTs will be the same, cf. table 2. This is confirmed by lattice simulations performed at a small volume (L 1/2 < 10), see Figs. 1a, 1e and 1f for β = 1, 4 and 2, respectively. The case β = 4 is peculiar. Since W is antisymmetric it may have an additional generic zero eigenvalue if this operator is odd-dimensional in contrast to an even dimensional W . Thus depending on the number of colors the repulsion of the eigenvalues of D from the origin changes drastically.
In the case of a mixed situation (L 1 + L 2 odd) the symmetries completely change. Assuming L 1 to be odd, the new symmetry combined with Eqs. (2.2-2.4) tells us that Π 
5 is anti-selfdual for β = 1, constructable by random matrices in the Lie-algebra sp(2N), and is anti-symmetric for β = 4 which corresponds to random matrices in the Lie-algebra o(N). The splitting of the universality class in an even and odd dimensional W for β = 4 does not appear in this case since the matrix dimension of W is proportional to L 1 L 2 and, hence, is always even. A full classification is listed in table 2 and some comparisons with lattice data are shown in Fig. 1c .
In the last case (L 1 and L 2 are even) both symmetry relations (3.2) and (3.3) apply. Equation (3.2) combined with Eqs. (2.2-2.4) ensures that Π the two off-diagonal blocks resulting from the chiral structure are related to each other. Therefore the Dirac operator is first of all doubly degenerate, namely it splits into twice the staggered Diracoperator. Second, the off-diagonal blocks of Π (1)
5 are either imaginary quaternion equivalent to real quaternion (β = 1), complex (β = 2) or purely imaginary equivalent to real (β = 4). Thus they share the same universality classes as well as the same symmetry breaking pattern, see table 2 as the staggered Dirac operator in four dimensions [6, 9] . In Fig. 1 we compare some RMT predictions with lattice data via measuring the microscopic level density.
Due to the drastic change of symmetries the original Dyson index β does not agree anymore with the level repulsion predicted by the RMT for the continuum theory. Hence one can ask for the corresponding joint probability density function (jpdf) of the eigenvalues from an RMT perspective. The jpdf plays a crucial role in analyzing the eigenvalue statistics and serves as a good starting point for deriving observables used for fitting the LECs. The jpdf of all symmetry classes (except for the GUE) discussed in this work can be written in a unified form, i.e. Notice that the lattice data were generated by Monte Carlo simulations in the strong coupling limit, meaning that the gauge group elements on the links were drawn from the Haar-measure of the gauge group, only. Shown are the microscopic level densities as follows: fundamental SU (2) on an oddodd lattice (a), fundamental SU (2) on an even-even lattice (b), adjoint SU (2) on an even-odd lattice (c), adjoint SU (2) on an even-even lattice (d), adjoint SU (3) on an odd-odd lattice (e) and fundamental SU (3) on an even-even and odd-odd lattice (f). Notice that the even-even case corresponds to the staggered Dirac operator. The microscopic level densities are normalized such that it asymptotes to the value of 1/π.
where we have drawn the random matrices from Gaussian ensembles. For the jpdf's of the GUE as well as of the GOE and the GSE one has to replace ∆ n (Λ 2 ) → ∆ n (Λ). Notice that the effective Dyson index does not always agree with the Dyson index identified in the continuum theory, cf. table 2. The exponent α is a generic repulsion from the origin crucially depending on the symmetry class. For example one can derive the microscopic level density from the jpdf (3.4) . Examples of comparisons of those level densities with the corresponding lattice simulations are shown in Fig. 1. 
Conclusions and Outlook
We classified the two dimensional continuum theory of QCD-like theories as well as their naive discretization along the ten-fold classification [5] of random matrices. The quenched strong coupling lattice simulations at small volumes show an agreement with RMT predictions comparable to the agreement found in three-and four-dimensional QCD with chiral RMT [6] . The reason for this good agreement may lie in the non-compact supersymmetric space dual to the (partially) quenched partition function generating the level density of the Dirac operator and, thus, the order parameter of the spontaneous breaking of chiral symmetry, the chiral condensate. Although the MerminWagner-Coleman theorem states that a continuous symmetry cannot be spontaneously broken in two dimensions, it is quite controversial if this also applies to non-compact symmetries [4] .
The ultimate goal of our investigation is a fundamental understanding of the lattice artefacts of staggered fermions which will be discussed in forthcoming publications. An RMT for fourdimensional QCD with the fermions in the fundamental representation of SU (3) was already proposed in [9] . Since the model of [9] is quite cumbersome we hope to find some simplifications by studying the mechanism of changing the universality class due to lattice artefacts. Our approach serves as a good starting point for such an analysis and can be easily extended to higher dimensions.
